We study light deflection from a Reissner-Nordstrom-de Sitter black hole in the gravitational monopole background. We first calculate the orbit equation and the contribution of the monopole and black hole parameters to the deflection angle up to second-order for the vanishing cosmological constant case using the Rindler-Ishak method. We also obtain the contribution of the cosmological constant to light deflection in this geometry in the weak field limit using the same method.
Introduction
In a very recent observation, the researchers successfully obtained an image of the black hole centered at the galaxy M87 [1] . The image shows a photon orbit around the black hole which made the observation possible in the first place since one can only observe the effects of the interaction of the surrounding matter distribution with a black hole, but not the black hole itself. This observation shows the importance of the interaction of light with the gravitational field of strong compact gravitational sources, which are very hard to detect with traditional astrophysical methods. This observation also shows the importance of understanding the deflection of light by different sources, such as the black holes, as in the first observational tests of Einstein's General Relativity in 1919 by the famous expedition lead by Dyson, Eddington and Davidson [2] based on the weak gravitational lensing approximation calculated by the Einstein himself. After that observation, gravitational lensing phenomena becomes one of the fundamental concepts in the general theory of relativity and astrophysics.
In this paper we consider a global monopole swallowed by a massive, charged black hole, namely ReissnerNordström-monopole black hole in the de-Sitter space-time. Global monopoles are one of the various types of topological defects which may be produced at the early universe in the symmetry breaking phase transitions. Different types of topological defects, namely, monopoles, cosmic strings, domain walls or textures, can be produced, depending on the types of broken symmetry. In theory, it is established that the monopoles are formed by a spontaneously broken O(3) symmetry to U(1) [3, 4] . One of the aspects of the gravitational monopoles is that the pure monopole spacetime is not asymptotically flat, having space-time with a solid deficit angle. The gravitational effects of this exotic matter are different from ordinary matter. For example, the active gravitational mass of monopoles vanishing, hence exerting no force on ordinary matter. However, the topology of the spacetime is different from Euclidian one due to the solid angle deficit produced by the global monopole. Therefore, the area of a sphere of a radius r is not 4πr
2 , but rather 4πr
, where η is the parameter determining the strength of the monopole. This feature of the gravitational monopole will play a role when we calculate the contribution of the cosmological constant to light bending. Due to this angle deficit, all light rays are deflected in the same manner [4] . To better understand the deflection of light by a global monopole when it is not isolated, we consider the case where a monopole is swallowed by a Reissner-Nordstrom-dS black hole, which may imitate an astrophysical scenario where the monopole is not isolated but at the center of a spherical matter distribution such as a spherical galaxy or a black hole.
In this short letter, we calculate the deflection angle of light by a Reissner-Nordström-monopole black hole. We first obtain and solve the orbit equation of this system by exploiting a perturbative method up to second-order in the case of vanishing cosmological constant in section II. And also in the same section, we calculate the deflection angle of RN-monopole black hole using a well known and elegant method known as the Rindler-Ishak method [5, 6] . For a more general treatment, namely, to observe the effect of a possible positive cosmological constant, we again use the same method, obtain an analytical expression on the deflection angle RN-de Sitter-monopole solution and compare our results with the existing literature in section III. As a result, we obtain analytical results for deflection angle up to second-order in mass, charge, monopole term and the cosmological constant in which some of them are new. We also compare the results we have obtained with the existing solutions in the literature and we see that the results we have obtained matches with them perfectly. The paper finishes with a brief conclusion.
The Line Element
Global monopoles can be produced by a symmetry breaking phase transition where an O(3) symmetry is broken to U (1). Since we will only discuss the gravitational effects of these monopoles on light rays, we refer the articles [3, 4] for details on global monopoles and also [7] [8] [9] for the global monopoles in the presence of a cosmological constant. Hence in this work, we concentrate on their gravitational field. The line element of a far-field of a global monopole swallowed by an RN-dS black hole was implicitly given in [7] as,
with ∆r is defined as,
where M and Q are the total mass and the total charge of the black hole, Λ is the cosmological constant and η is the contribution of the global monopole, which are the physical parameters of this space-time. Notice that when one neglects all the parameters but gravitational monopole term, then by rescaling the t → t/b and r → br variables one obtains the line element [3, 4] ,
The metric (3), aside from describing the asymptotic behavior of the gravitational monopole outside the core, affirms that the pure gravitational monopole space-time is not asymptotically flat and describes a space-time with solid deficit angle, caused by the term η. The same space-time (3) also describes a Letellier space-time [10] , namely, a configuration where an ensemble of radially distributed straight cosmic strings intersecting at a common point which sometimes also called as the gravitational hedgehogs [7, 11] . Hence the results we will obtain are also valid for this string-hedgehog configuration.
Null Geodesics and The Orbit Equation
From the line element (1) we find the following equatorial (θ = π/2) geodesic equations for a neutral lightlike test particle,
where λ is an affine parameter, E and L are specific energy and angular momentum of the null particle. The equation (6) can be put into the formṙ
where overdot means the derivative with respect to the affine parameter, λ, and the effective potential is given by
Hence, radial geodesic motion is only possible for E 2 ≥ V ef f . Using the equations (5) and (6) one obtains an orbit equation as follows dr dφ
With employing the usual inverse radial distance parameter u = 1/r, the orbit equation yields a modified Binet equation in the following form
The explicit form of this equation is obtained if we replacing the metric function ∆r, which is
Note that the right-hand side of this equation involves corrections of the GR from monopole term, mass, the cosmological constant and electrical charge of the source to the flat space solution for photon motion. Taking the derivative of both sides with respect to the coordinate φ, we obtain a modified Binet equation as follows:
This equation does not involve cosmological constant term, hence its solution is independent of it. However, the cosmological constant may still affect the light rays, since the solution of (12) should also satisfy the equation (11) . For clarity, we first postpone the effect of the cosmological constant to this phenomena to the section III and restrict ourselves with a solution describing monopole swallowed by a Reissner-Nordstrom black hole by setting Λ = 0 in the next section of the paper.
The Solution of the Orbit Equation For RN-Monopole case
In the previous subsection, we have found the orbit equation in Binet form with u = 1/r in equation (12) . Now we will analyze the deflection of light rays from RN-monopole black hole configuration. We will first employ a perturbative approach to find the orbit equation. Hence we will use the following perturbation parameters
which will help us to keep track of the order of the perturbation parameters. Note that here we apply the perturbation scheme relative to flat space-time, namely we will treat the monopole term η as another source of the curved spacetime similar to mass or charge of the black hole. Hence here R = L/E is the impact parameter of the flat background spacetime. Then the resulting equation is
Now we exploit the usual perturbative technique up to second-order terms to determine a solution to the equation (14) . Hence we consider the following solution ansatz which contains solutions up second-order in the perturbation parameters η , ε, and ν:
Replacing (15) into (14), after some lenghty calculation process, we find the following solution, up to second-order in the perturbation parameters, as 
Note also that the solutions are obtained in a way such that the path is symmetric for φ → −φ. Hence we have discarted sin φ terms in the solution. Note also that when solving the orbit equation (14) up to second-order in the parameters, the obtained solutions may involve some arbitrary functions of the zeroth and first order solutions of this equation as well. However, to cure this problem, one can determine these arbitrary functions by using the governing equation of (14), namely the equation (11) (for Λ = 0 of course). Hence, the solution (16) is obtained in a way that it solves both of the orbit equations (14) and (11), simultaneously. The solution we have obtained (16) reduces to corresponding solution for RN case if the monopole term η is vanishing, given in ref. [12] .
Light Deflection From RN-Monopole Space-time
In this part we will discuss the deflection angle of the spacetime geometry we consider. Consider a photon which comes from far away at a distant past (u = 0, φ = −π/2 − δφa/2) deflected by the black hole and travels towards far away at distant future (u = 0, φ = π/2 + δφa/2) where δφa is an angle whose role will be discussed later in the paper. Since the solution (16) is symmetric under the transformation φ → −φ, we can calculate δφa by feeding φ → π/2 + δφa/2 into (16) and taking the limit δφa → 0. Using this fact, we find the following result
Now if the spacetime we consider was asymptotically flat, then δφa would be the deflection angle. However, RNmonopole space-time is not asymptotically flat and δφa is not the deflection angle of the RN-monopole black hole spacetime. In other words, the equation (17) does not fully reflect the effect of the monopole term on the bending of light. However as we will show, it is still related to the deflection angle.
We can obtain the full contribution of the monopole to light bending by using another method. The most straightforward way is to use the Rindler-Ishak method [5] , which was first presented to find the effect of the cosmological constant on the bending of light where, similar to our case, the spacetime is not aymptotically flat.
Although the effect of the cosmological constant (more generaly the space-times that are not asymptoticcaly flat) on the light bending is a controversial topic, the method developed by Rindler and Ishak seems to be [5] the most elegant way to determine such contribution. Hence, to observe the complete effect of the monopole to the light deflection we follow the Rindler and Ishak method, and we refer Fig.(1) for the explanation of the angles we will discuss. Their method considers a special treatment where the source and observer are taken to be static [13] . Since the form of the line element is in the same form with [5] , we do not repeat their calculational steps in we recover = ψ. this paper for clarity and directly apply the metric function ∆r to their formula. For small angles, we adopt the equation (16) of [5] which reads the bending angle for the line element (1) as, tan ψ = ∆r r 2 r dr dφ
Then, we calculate,
Inserting these results and also the metric function ∆r given in equation (2) to the Eq. (18), and expanding them in the weak field approximation we obtain the half bending angle as
Here when evaluating the above expression, we have evaluated r(φ) at φ = π/2 as given in Eq. (19). Since we have chosen the parameter η as another source of the spacetime, in the first order, its effects already included in the deflection angle δφa. Hence, in this setting, the effect of the monopole due to the solid angular deficit reveals itself in the second-order terms involving η as we have expected. Hence, the total deflection angle 2ψ up to second-order in parameters is found as
In terms of parameters of the black hole, monopole and the impact parameter R, this expression explicitly becomes
On the other hand, we can also calculate the minimum distance, rmin, that the light can approach the central deflecting object to express the deflection angle. Setting φ = 0 in (16), yields u = 1/rmin, with the result
Now we need to invert this equation for rmin, then put back into (23). It turns out that we will only need the first order correction terms for the parameters, namely we just need the following expression
Hence we have found the deflection angle up to second-order terms in our perturbation parameters, η , ε and ν. When we compare this result with the existing solutions in the literature we see that it agrees with most of the previous results found before. The first term and fourth terms are the effects of the monopole, i.e. the angle deficit, in the photon motion and are compatible with the result given in [14] . The terms first order in the mass of the black hole is the famous result derived by Einstein himself and the second-order term in mass is the PPN result, [15] [16] [17] and also presented in [18] . The first-order effects of the electrical charge are presented in [19] in Brane-world models where a black hole living in a brane embedded in five-dimensional bulk resembles the form of an RN black hole of GR. The second-order corrections of the charge to the light deflection is also presented in [12] again for braneworld scenario where the only difference is the seventh term in (23). The deflection of light rays is also calculated for a rotating uncharged black hole with a monopole term recently in [20] . The result they have obtained, i.e. the term proportional to η 2 M , are recovered in our result in Eq. (23). Note that we use Schwarzschild coordinates but they use the coordinates rescaled by monopole term so the numerical factors are different. However, when their result is transformed into the coordinates in our paper, they agree. Note also that, as they said in their paper, due to the limitations of the method they use, some of the second-order terms we have obtained in Eq. (22), namely, the terms proportional to M 2 and η 4 , are not present in their results. In astrophysical setting the second-order terms (i.e. O(ν 2 )) in electrical charge (terms in the order of Q 4 ) are irrelevant but in brane-world scenarios, their effects may be too big to ignore. The effect of the monopole increases the deflection angle and acts as a magnifying lens similar to mass and contrary to the charge of the black hole.
Light Deflection From RN-dS-Monopole Space-time
In the previous section, we have ignored the effect of the cosmological constant on the deflection of light. As we have said in the previous section, the effect of the cosmological constant on the light bending is a controversial topic, the method developed by Rindler and Ishak seems to be [5] the most elegant way to determine such contribution. In this part, we will calculate the contribution of the positive cosmological constant on the deflection angle by considering the case Λ = 0 in (1) . For this case, we have the following expression for the half deflection angle,
and the total deflection angle is, 2ψ = δφM + δφΛ,
where δφM is the bending angle due to mass, charge and monopole term given in Eq. (22) whereas the contribution from the cosmological constant, δφΛ, can be written explicitly as,
Here we have an RN-dS-monopole space-time, as a result, the term η further affects the bending angle with its coupling to the cosmological constant as given in equation (29). In Eqn. (29), the second term in brackets is the contribution of the mass which is given in [6] , the third term is the first-order effect of the charge [21] . Our result generalizes the previous works done by the cited authors via the inclusion of the monopole term and its couplings to the black hole parameters up to second-order.
Conclusion
In this article, we have presented the deflection angle of a photon from both RN-monopole and RN-dS-monopole space-times. We have used the perturbative method up to second-order to solve the modified Binet equation. Using this solution and also using the well known Rindler-Ishak method, which helped us to calculate the effects of asymptotically non-flat geometry on the deflection angle, we have successfully obtained the deflection angle in terms of the black hole and monopole terms up to second-order. The monopole terms act on the deflection angle in an enhancing way. Moreover, to obtain the effect of the cosmological constant regarding deflection angle, we have again exploited the Rindler-Ishak method for the RN-dS-monopole black hole. We see that, in the weak field limit, the interaction term between the gravitational monopole and the cosmological constant negatively effects the bending angle. 
